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Abstract. We prove embedding theorems for fully anisotropic 
Besov spaces. More concrete, inequalities between modulus of con- 
tinuity in different metrics and of Sobolev type are obtained. Our 
goal is to get sharp estimates for some anisotropic cases previously 
unconsidered. 

1. Introduction 

This paper places in the theory of embeddings of spaces of differ- 
entiable functions in several variables. Our objective is to prove em- 
beddings for anisotropic Besov spaces. The main result is a sharp em- 
bedding of different metrics (which is a generalization of the classical 
embedding between Nikol'skh classes for Besov type spaces with 
all the parameters that can be different for each variable. Embeddings 
for anisotropic Besov spaces in Lorentz spaces are proved also. This 
work continues |5], where embeddings for anisotropic Sobolev spaces 
were found. 

In order to specify better the results, let us recall an historical pre- 
view. 

The study of spaces of differentiable functions in several variables 
with fractional index of smoothness was begun by Nikol'skh, connected 
with problems in Approximation Theory. He obtained some embed- 
dings for the classes Hp- y " ,rn , characterized for Holder conditions in LP 
for the differences of the derivatives of various orders. In particular, 
this analogous of the theorem of Hardy-Littlewood was proved in [5|: 
Let Tj > (j = 1, . . . , n), r :— n(Y^ =1 rj 1 )" 1 , 1 < p < q < oo. If 
x := 1 — 2(1 _ I) > and Oij := xrj (j = 1, . . . , n), then 

(1.1) Hp 1, - ,Vn (M. n ) ^ H^'- a "(R n ). 

Later, a theory of similar spaces was built by Besov: the scale of the 
so called £>-spaces, introduced by him. In 2, vol.2, pg.62], using the 
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previous notation and 1 < 9 < oo, it is obtained that 

(1.2) B%f" rn (R n ) ^ B$"" an (R n ). 

Observe that in 6J, Kolyada showed that can be proved using 

estimates of non increasing rearrangements. Let us note that (jl.lj) is 
the particular case 9 = oo in (jl.2|) . In fact, in (21 vol.2, pg.62], the 
embedding (jl.2j) was proved in a more general form. It is considered 
the case when, for each different variable Xj, is taken a different metric 

It is a logical continuation to consider, for each different variable Xj, 
not only values pj, but also values 9j that can be different. However, 
the case when in the definition of Besov space are included different 
values of the parameters 9j for each variable, had not been treated. 
Our objective is to find the sharp parameters for the embedding in 
this case. The main result in this paper is (see Theorem El below) an 
inequality that implies the embedding 



We shall not specify here the conditions on the parameters. Let us 
emphasize that the new in this theorem is to obtain the optimal values 
9p for the case when the parameters 9j are different. 

As we shall see in Remark ^ the estimate obtained in Theorem El is 
stronger than the embedding ()1.3|) . 

In this paper we prove also Sovolev type inequalities. More specifi- 
cally, we obtain embeddings of Besov spaces into Lorentz spaces. This 
kind of inequalities were proved and extended in [121 HU El HI 121 E] and 
others. The results showed in this paper ( Theorem |21 for the embedding 
with limit exponent and Theorem ^ for the embedding without limit 
exponent) extend the previous results to the case of anisotropic Besov 
spaces where the parameters 9'j can be different. 

Our methods are based on estimates of non increasing rearrange- 
ments. The first works using this approach on the theory of embedding 
of function classes are due to Ul'yanov at the end of sixties. Later, these 
methods were mainly developed by Kolyada (see, for instance, [HUSIED- 
Here we use estimates of the non increasing rearrangement of a func- 
tion in terms of the modulus of continuity obtained in pj. In order to 
allow this approach work for anisotropic Besov spaces we need to find 
a kind of sharp equilibrium between the estimates. For this we apply 
the methods developed in jH] and used also in [T2] . 

This paper is organized as follows. Section |21 contains the basic 
definitions and notations. Section El the lemmas used in the proofs. In 
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section HI the results of this paper are presented, as well as their proofs 
and some remarks about them. 

2. Definitions 

Set R + = (0,+oo). For 1 < p < oo we denote C p = L p (R + ,du/u); 
say also C°° = (see gj). Note that L°°(R + ) = L°°(R + , du/u). 

Let So (R n ) be the class of all measurable and almost everywhere 
finite functions / on R n such that for each y > 0, 

X f (y) = \{xER n :\f(x)\>y}\<oc. 

A non- increasing rearrangement of a function / G So(IR ra ) is a non- 
increasing function /* on R + that is equimeasurable with |/|. The 
rearrangement /* can be defined by the equality 

f*(t) = sup inf \f(x)\ , < t < oo . 

\E\=t xeE 

Assume that < q,p < oo . A function / e 5o(M n ) belongs to the 
Lorentz space L q ' p (R n ) if 



q,p 







We have the inequality |TJ p. 217] 

\\f\\ q , s < c\\f\U, P (0<p<s<oo), 
so that L q,p C L q,s for p < s. In particular, for < p < q 

L q,p c L g,q _ L q _ 

The differences of degree k in the direction of the variable Xj are 
defined as 

A*(h)f(x) = ^(-l^f^fix + ihej) (h G E), 

i=0 

where is the unit coordinate vector. The modulus of continuity in 
the metric L q,p : 

^(f;5) q>p = sup \\A k Jh)f\\ q , p . 

0<h<5 

As in JTOJ pg.152,161], we define the Besov space in the direction of 
the coordinate axe Xj. 

Definition 1. Let r>0, 1 < p < oo, 1 < 9 < oo and 1 < j < n. We 
define the space B r p fl -(R n ) as the class of functions / G L p (R n ) such 
that 
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where the seminorm 



It is well known that each election of an integer k > r gives equivalent 
seminorms. Furthermore, if we change the expression || Aj(h)f\\ p by the 
modulus of continuity Uj(f; h) p we obtain equivalent seminorms also 
(0 Chapter 4] and jTUJ Chapter 4]). 

Moreover, the following inquality between seminorms holds (see, for 
instance H vol.2, pg. 64]). If 1 < Q x < 6 2 < oo then ||.|| 6 ; e .. < 
c||.||ftr e . So, the bigger is 9, the bigger is the corresponding Besov 
space. 

Now we are going to present anisotropic Besov spaces. 



Definition 2. Let n G N, r, > 0, 1 < pj < oo, 1 < 9j < oo (j 

m,...,r n 
pi,...,p n ;9i, 



l,...,n). We say that / G b^;;^ e,X^ n ) * / e S (R n ) and the 



b 3 a •" 



following seminorm is finite 

n 

E 

In the case pi = ■ ■ • = p n = P and #i = • • • = 9 n = 9 we use the 
notation b r p )f' Tn (R n ) := b^^^/W 1 ) and B£f" rn {R n ) := LP{R n ) n 
6^-' rn (M n )'. As usual flj 1 '"-"^!") := J B;. 1 -- r ' l (M n ). 

3. Lemmas 

The following lemma was proved in pg.167]. It presents estimates 
of rearrangements in terms of the modulus of continuity. 

Lemma 1. Let f be a locally integrable function in So(M. n ), ki G N and 
Pi G [1, oo) (i = 1, . . . , n). Suppose that 5i(t) (1 < i < n) are positive 
functions in M + such that 

n 

(3.1) Y[5i(t) = t (t>0). 

8=1 

Then, for all < t < s < oo, 

(3.2) /*(*) < (2 fc -l)f( S )+c. r r* (jTw^S^, 

where k = maxfcj and c is a constant which only depends on pi and fcj. 

The previous lemma is formulated in [H] for functions in L p (lR n ), and 
p = Pi = ■ ■ ■ = p n . If the reader checks it carefully will realize that the 
proof is still valid without these assumptions. 
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The aim of the next lemma is that given a function with some prop- 
erties of monotony and integrability we can majorized it for another 
one with equivalent integrability properties and for which its increasing 
and decreasing is controlled. 

Lemma 2. Let a > 0, 9 > 1. Let ip(t) a non negative, non decreasing 
function such that t~ a ip(t) e C e . Then, for any 5 > there exists a 
continuous and differentiable function if on R + such that: 

i) ^{t)<y{t), 

ii) ip{t)t~ a ~ 5 decreases and ip{t)t~ a+s increases, 

Hi) \\t~ a (f(t) \\ c o < c\\t~ a if)(t)\\jr,9 where c is a constant that only depends 
on 5 and a. 

Proof. Follows the scheme of the one at (HI Lemma 2.1]. We include it 
here only for completeness. 
Set 

(pJt) = (a + 5)t a+s I" u - a - s ^(u)—. 

Jt u 

Then ipi(t)t~ a ~ s decreases and 

f°° du 

9x{t) >{a + 5)t a+5 ^j{t) / u- a - 5 — = if>(t). 



u 



Furthermore, applying Hardy's inequality [H pg.124], we easily get that 



(3.3) \\r a ^(t)\\ c e<c\\r a i>(t)\y. 

Set now 

(3.4) (p(t) = 25t a - s f u - a+5 Vl (u) — 

Jo u 

Then (p(t)t~ a+s increases on R + and 

<p(t) > <px(t) > ip(t) t G R + . 

Furthermore, the change of variable z = u 2S in the right hand side of 
QH3D gives that 

r t 2S 

v(t)t- a - 5 = r 25 fx(z l ^ 2S) )dz, 

Jo 

where n{u) = tp\{u)u~ a ~ 5 is a decreasing function on R + . Thus, 
<p(u)u~ a ~ 5 decreases. Finally, using Hardy's inequality and ()3.3|) we 
get (iii). The lemma is proved. □ 
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Let n £ N, < r 3 - < <x>, 1 < Pj < oo and 1 < 9j < oo Vj G 
{1, . . . , n}. Denote 
(3.5) 



r = n 



and 



1 /r 1 1 

(3.6) = - - + 

Then 

(3.7) E^ = L 

i=l 

The equality (|3.7j) follows immediately from (|3.5|) . 

In the following lemma we use the notations ()3.5)1 and ()3.6)) . 

Lemma 3. Let n G N, < r 3 < oo, 1 < pj < oo and 1 < #j < oo for 
j = 1, . . . , n. Suppose that Pj > for any j and let 

(3.8) < 8 < \ min {^r,}. 

Lei </?j positive, strictly increasing and continuously differentiable func- 
tions on IR +; satisfying (pj(t)t~ r ' j £ C 9j . Besides tpj(t)t~ r3+5 increases 
and <pj(t)t~ r i~ 5 decreases. Define 

(3.9) a(t) = inf J max {/ 1 " ip^Sj)} : JJ tf,- = t, 5j > 1 . 



T/ien: 

i)There holds the inequality 

/poo \l/6n 

(3.10) (jf ^-/n)- V(t) ^j < JJ [11^^(0 H^-i. 

There exist positive, continuously differentiable functions Sj(t) on 
R + such that 

n 

(3.11) HSj{t)=t 
and 

(3.12) <r(t)=r 1 fa<p j (6 j (t)) (teR+, j = l,...,n). 
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Hi) for every j = 1, . . . , n 

(3.13) a{t)t x ' p - r/n+s t and a(t)t 1/p - r/n - s I; 

(3.14) Sj(t)r^ /3 t and 5j{t)r^ |; 
iv,) /or ever?/ j = 1, . . . , n 

i/e 3 

< c\\t~ rj (pj 



f 


r^(5,(t))" 











(3.15) 

where c depends on 5, Tj, pj, n. 
Proof. First note that 



lim (pj(Sj) = and lim <fj(Sj) = oo. 

5j— >0 i-i — >oc 



Now we fix t G M + . It's clear that there exists an unique point 8j = 
5 ^t) > such that a(t) = t' 1 ^ y>j (<*,■(*)). Now let 1 < 7 < 00. Note 
that a(t) < t- 1 ^if J (5 j (t) 1 ). Then 

a(t) < mm {^^(6^)}. 

l<j<n 

By the definition of cr(t) we have that 351,..., K so that ll"=i ^* = 
t and 

a{t) < max {r 1 ^^*)} < mm {r 1 ^ ^(5^)}. 

j=l,...,n J 1<7<« 

Therefore 
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5] < ^(t) 7 for all j =^ t = 5* < 7™ ^(t). 

3=1 i=i 

Taking limits when 7 tends to 1 we have t < Ylj = i5j(t). Now if 
n™=i<5jW > * we choose < 5j < 5j(t) so that U%i 5 j = <■ We 
have <r(t) = r 1/p ^ (£,■(*)) > r 1 /^^)- Then 

n 

cr(t) > max {r 1/p 'W£)} and TT = t 

j=l,...,n J. J. J 

i=l 

which contradicts ()3.9|) definition of <r(t). So functions &/(t) satisfy 
dTTTI) and (I3~m 
Besides, for any j = 1, . . . , n, by (|3.12|) 

(3.16) Sj{t) = <pjHt 1/Pi - 1/Pn <pMt))Y 

Then by (I3~TT1) 
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where 

n-1 

$( S ,t)= s n^ 7i ( ti/pj ~ iM vn(^)) 

which is a function of C 1 (IR^) strictly increasing respect to s. In con- 
sequence, by the implicit function theorem we have that 5 n G C 1 (1R + ) 
and so, by (j3.16j) Sj G C 1 (1R + ) for all j — 1, . . . , n. We have just proved 
(ii). 

Our conditions on ipj implies that for every j = 1, . . . ,n 

(3.i7) =a^i < < =a±i. 

Besides 

,3,8, ^ = Z1M + ^W) W . 

Now we derive (j3.11j) and taking into account ()3.7j) we have that for 
every t > 3 m = m(t) and I = l(t) such that 

^<^and#|>^. 
5 m (t) ~ t <f,(t) " t 

Then 

Now, using (j3.17j) we obtain 

-1/p, + #(r, - $) < </(t) < -l/p m + /3 m (r m + 5) 



t ~ <r(i) ~ i 

And due to < Pi, (3 m < 1 and ()3.6|) we obtain: 

r/rz - 1/p - 5 a'(t) r/n -l/p + 5 
[6AJ) t ~ a(t) ~ t 

which implies ffTTSjl . Besides, for ffTTTTT^ and (pTTHJ) 

Then 5j increases and using this last inequality and (|3.17jl 

From here and ()3.8|) 



EMBEDDINGS FOR ANISOTROPIC BESOV SPACES 



and we have proved ()3.14j) . The statement (iv) is the immediate con- 
sequence of applying the left inequality of (|3.2(Jj) and the change of 
variable u = 5j(t). 

Finally we multiply ()3.12|) elevated to 1/rj and use (j3.11|) 



a (t) n/r = t- n/{rp) Y[if j (5 j (t)) 1/r ^ = r n/{rp)+1 ] [ 

3=1 3=1 



1/rj 



So 



t e { i/ P -r/n)-i ait) e dt 



n 

3=1 



±r_ \ 1/8 

nr i dt 



< 



if 


'(Pj(Sj{t))' 


Oj dt \ °3 -i 




[ *i(*) r ' - 





n 
3=1 

and applying ()3.15|) we obtain (|3.10|) . The lemma is proved. □ 

In the following lemma we use the notations ()3.5|) and ()3.6|) too. 

Lemma 4. Let n G N, < rj < oo, 1 < pj < oo and 1 < 6j < oo 
(J = 1, ...,n) sucA t/iat /3j > /or a// j. JTien /or every function 

f e s (R n ) n l, oc (m«) snc/i «iot / g &; i 1 :;;:;: ;ei ,..., e „(M") 

(3.21) /*(*) < (2 fe ' - + c(£)o-(t), for all £ > 1 

and 

\ 1/0 « _r 

^dWn)- V(t) ^ t < rr \\ h -r, w f(j. t h ) Pj \\: 
J j= i 



(3.22) 

where rj < kj G N, k' — max kj 



C"3 



Proof. First we apply Lemma Q to / getting its estimation (|3.2j) . Now 
we define < 5 = | min, :{/3jTj} and apply Lemma El to the modulus of 
continuity getting 



and 
(3.23) 



<c\\h r ^(/;/i) p J^. 



Then we obtain (|3.21j) with cr(t) of ()3.9|) kind. Only rests to apply 
Lemma El and use ()3.23|) . □ 
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4. Results 

Theorem 1 (embedding with no limit exponent). Assume that a func- 
tion f satisfies the conditions of Lemma^ and f G L 1 (IR n ) + L Po (IR n ). 
For some po > such that 

1 1 r 

Po P n 



1 1 r 

q p n 



Let max(l,po) < q < oc and 
(4.1) 

Then for any s > / G L q > s (R n ) and 
(4.2) 



q.s 



< c 



Proof. The proof follows the scheme of the one of [HI Corollary 2.5]. 
We include it here for the reader's convenience. We can assume that 
s < min(l,po,0). Let / = g + h, with g G L 1 (]R n ) and h G L P0 (R n ). 
Applying the Holder inequality, we obtain 



Ji= [t i/q r(t)Yj<c qh ' 9 *(t)dty +n h^dt 



s/PO 



It follows that 



(4.3) 



h < d 



Let < 5 < 1. Using (l3~2ll with £ = (2 1/s K) q , we get by Holder 
inequality and (j4.1|) : 

+c / t s/q - l a{t) s dt < Ji + -J 5 + 



'o 

+c' (J\ e ^ p - r ' n ^ x a{t) 6 dt 



□ 



The inequality ()4.2|) follows now from ()3.22|) and (|4.Hjl . 

Theorem 2 (embedding with limit exponent). Lei n G N, < rj < 

oo, 1 < pj < oo, 1 < 9j < oo. Define r, p and 6 as in ( 1.9. .5)) and 
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supposse that (see 4,7.6]) ) /3j > (1 < j < n) and p < -. We define 
q* = np/ {n — rp). Then, for every function f G Li oc (R n ) there holds 



q*,9 < C Yl 
3=1 



This statement follows immediately from Lemma EJ Let's note that 
the condition of / G L[ oc (R n ) and being of compact support can be 
substituted by / G L Po (R n ) for some < po < q*. In this case we have 
the embedding 

^nt;: ; , i .. A (r)^^. s (r). 

The following theorems is our main result. It expresses an embedding 
of different metrics. 

Theorem 3. Let n G N, < rj < oo, 1 < pj < oo, 1 < Qj < oo 
j G {1, ...,n}. Let r, p and 9 be the numbers defined in \3. <5j) and 
supposse that for all 1 < j < n 

1 (r 1 1 \ 

/3 j = -l- + > 0. 

rj \n pj p ) 

We choose arbitrary pj < qj < oo such that 

1 1 
— > - 

Qj P 



and denote 



1 



Xj = 1 - 



1 1 — Kj X 7 - 

aj = H jrj and — = — — + — 

3 ^ 



r 




n 








Pj 


Qj) 


1 


-3€j 



Then for any function f G 5 (lR n ) such that f G ^'.'..pl-fli e n 
there holds the inequality 

/poo i h \ l/O'j n 

(4.4) (jf [h-^mi^r^j < c j2\\f 



1=1 



(where rj < kj G N); which implies the embedding 
(4.5) b r „ u "" r " „ „ (R n ) b ai '-' a \, „, (R n ). 

Proof. Supposse that j = 1. Note that < Xx < 1. Set now r; < fc 8 G N 
for every % = 1, . . . , n. Denote for h > and x G M n 

f h (x) = \A k ^(h)f(x)\. 
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As \\f h \\ Pl < w kl {f; h) Pl < +00, f h e L Pl (R n ) and applying Theorem □ 
we have that f h e L qi ' l (R n ). Denote for h > 

POO 

J(h) = \\f h \\ ql>1 = / t^-'f^dt < 00. 

JO 

Set £ = (2 k+2 ) qi and 

(4.6) Q(h) = {t>0: f* h (t) > 2 k+1 f* h (^t)}, 
where k = max k{ as in Lemma ^ Then 

r poo 

/ t i ^ i r h {t)dt<2 k+i t i ^- i r h ^ t)dt = 

JR + -Q(h) JO 

/oo 1 
t i ^- i r h (t)dt = -j(h). 

Therefore 

J(h) < 2 I t l/qi - l f* h (t)dt = 2J\h). 

jQ(h) 

So, it is enough to estimate fh in Q{h). Now we choose 

1 1 1 r 

(4.7) < 5 = - minlminl/Vi}, h -} 

2 i qi p n 

By virtue of Lemma El there exists functions (fi(t) on K + (i = 1, . . . , n) 
continuously differentiable such that 

(4.8) fiify-**- 6 I and <fi{t)r ri+s |; 

(4.9) ^(/;0«<^(*); 



(4.10) ||r r Vi(0ll^ < c||^ti^(/;t) w ||,. = c 



6' 



Now, applying Lemma ^ (|4.9jl and ()4.6|) we have for all t G Q(h) 

l<i<n 

with 5j any functions on R + such that YYi=i ^i(^) = 

Due to ()4.7|) and (|4.8jl we apply Lemma El and we have that there 
exists a non- negative function a(t) such that 

(4.11) r h {t)<ca{t) 



/ poo \ 1/9 ™ 

(4.12) (jf ^-^-v^^tj <noi^w^ r i^]" 
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There exist positive, continuously differentiable functions Ui(t) on R + 
such that nr=i M «W = ^ an d 

(4.13) a{t) = r 1 l pi ip i {u i {t)) Vz = l,...,n. 



(4.14) a(t)t 1/p ~ r/n+s t, 



(4.15) ui(t)r^ T and Ml (t)r 3ft |, 



/ /-00 Jf\ 1/01 

(4.16) H Mt)^i(«i(t))] fc jJ <c||^(t)t-^||^. 

The estimation 1)4.11)1 can be used for "little" t. For "big" t we will use 
the following estimate, which is consequence of a weak type inequality 
and (|Ojl . 

(4.17) / fc *(t) <r^|IMU <*- 1/pi wi fcl (/^) P1 <t- 1/pl v>iW- 

Then 

/■OO 

(4.18) J'(/i) < / t 1/qi - 1 <$>(t,h)dt 

Jo 

where 

(4.19) $(t,/i) = mm{(j(t),r 1/pi pi(h)}. 
Then 

j= n/i-^j^)!!^ < 

c(\\h-^ [ t^-'^-^iWdtW e{ + 
\ J{h< Ul {t)} 



+ / t l '^- l a(t)dt\\ S\ = c[J x + J 2 ]. 



'{h>«i(*)} 

Due to ()4.15)) u\ possess positive inverse u^ 1 = /3 on M + and 
4.20 < T- 

Now 
(4.21) 

/■OO 

Ja = ||/r Q Vi(/>) / ^i-iM-i^|| = c ||/ 1 -« Vi (/ 1 ) / 5(/,)( 1 M-i/pi)|| 
Jp{h) 
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Now we proceed with J 2 . Due to (|4.14j) and (|4.7|) 



J2 = \\h~ ai / t l '^- x a{t)dt\\ ei < 
Jo 



< \\h~ ai (3{h) 1/p ~ r/n+S a{(3{h)) / 



r." 

if — /11 ' 1 / 7 ■ ' I / 1 1 



\h-^(3(h) 1/9i v(m)\\ c e[ 



By ()4.13|) the last integral is the same as one in the right hand of 
(j4.21j) . Therefore we have that 



The change of variable ui(z) = h and ()4.20|) arrive us to 

And using Holder's inequality with exponents u = 9i/(xi9[) and u' = 
6 l /(6 1 - x x e\) (observe that (1 - x^v! = 0, (g - ^)u' = 6{\ - r -)). 



J < 



00 



11 dz \ ( r°° dz\ {1 -* l)/e 



From here and (gHED , flUH) and (P~T7T|l follows 

(!- ) 

J < (H^TofC/jOpilIri)* II {\r n ^Hht)n\\^)^ ■ 

i=l 

which, using the inequality between arithmetic and geometric means, 
implies ()4.4|) . The theorem is proved. □ 

Remark 1. Let us note that in ()4.4|) it appears the stronger Lorentz 
norm L^' 1 instead of the norm Lfl* . Then (14 .4j) is stronger than (J4.5|) . 
A detailed reading of the proof shows that in fact, in the right part of 
(14. 41) can appear the L q i^ norm, for every £ > 0. Note that in this case 
"c" in the right part of ()4.4j) explodes when £ goes to 0. 

Remark 2 . The values of the parameters 8j found in Theorem |3] are 
sharp. In order to see that the values of 9j can not be smaller one 
can consider the close embedding relation between Sobolev and Besov 
spaces and the fact that the parameters found in are sharp (|H1 
Remark 3.3]). 
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